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ABSTRACT
In this short note we prove that the only Carathéodory balls in domains
given in the title (for n > 2) which are the norm balls are the ones with the
center at 0. It is a generalization of the result of B. Schwarz, who proved

this theorem in case n = 2.

For any domain D C C*, w, z € D we define
ep(w, z) = sup{p(p(w), ¢(2)): ¢: D — E is a holomorphic mapping},

where F is the unit disk in C and p is the Poincaré distance on E. cp is called
the Carathéodory pseudodistance of D. In case when D is a bounded domain,
then cp is a distance on D. We also denote

cp: = tanhep.

If D is a bounded domain, then for z. € D, 0 < r < 1 we define the
Carathéodory ball as

Bes (2e,7): = {2 € D: cp(2c,2) <}
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Below we shall consider the following domains
H,: ={z2=(z1,...,2n): Nuo(2) < 1},

where N, (2): = |21/ + -+ |2l
We also define the following N,-balls

Bn, (zn,7): ={z€C*: N(z — zy) < 7},

for zy € C*,r > 0.
In [S} Schwarz proved the following theorem for n = 2, conjectured that it is
true for all n > 2, and noted that it is not true for n = 1.

THEOREM 1: Letn > 2, 2€ H, and 0 <r < 1. If B, (g,r) = BNn(ﬁ),f) for
some w € C* and 7 > 0, then z = 0.

The aim of this short paper is to show that the theorem remains true in the
general case, as it is conjectured in [S]. As an additional remark let us also mention
that the Carathéodory balls in H,, with centers at 0 are actually N,-balls (see
e.g. [S]).

Before we go into the proofs let us introduce the following notion: A holomor-
phic mapping ¢: E — D is a c-geodesic in D if cp(p(A1), p(A2)) = p(A1, A2) for
any A, A2 € E.

It is well known (see [L]) that in case when D is a convex, bounded domain,
then for any pairs of points (w,z) € D x D with w # z there is a c-geodesic
@: E — D such that ¢(0) = w and ¢(cp(w, 2)) = 2.

Our proof is based on the above mentioned result for n = 2 and the charac-
terization of c-geodesics in convex, complex ellipsoids given in [JPZ], £(p): =
{|21]?"* + - -+ + |2n|%" < 1}, where p = (p1,...,Ps), p; > 3 and n > 2, which is
given by the following theorem:

THEOREM 2: (see [JPZ] also [JP]) A bounded, holomorphic mapping
¢ =(¢1,---,9n): E = C" is a c-geodesic in £(p) if and only if

T - /p;
_ A—a; \7 (1-a;A 1/p;
(1) SO]()‘)—aJ (l—dj/\> <1—&01\ ’

or

(2) #i(N) =0,
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where
r; €{0,1},0;,€C,, forj=1,...,n, ag€E,
o; € E for j such thatr; =1, a; € E for j such that r; =0,

and the following relations hold (in the case (2) we put a;: = 0,a;: =0,r;: =0):

n
a0 =Y la;/*ay,
i=1

n
1+ Joof* = 3 las P9 (1 + oy ).
i=1

The case: for any j = 1,...,n the mapping y; is either of the form (2) or of the
form (1) with r; = 0 and a; = ap is excluded. The branches of powers are taken
so that 11/7i =1,

Moreover, for any pair of different points we have the uniqueness of the complex
geodesics passing through these points, up to automorphisms of E.

Below we present a theorem, which is a simple consequence of Theorem 2
applied to H, (= £(3,...,1)).

THEOREM 3: Let z: = (21,22,23,...,2n) and w: = (W1,Wo,23,...,2,) be
distinct points in H,,, n > 2. Then the image of the c-geodesic through z and w
is included in the set C? x {(z3,...,2,)}, and
(21, 22) (w1, ws)
(3) CH, ('LU, Z) = CH. ( T 3 n .
AN D DHIP AL B PHIRSF/Y
Proof of Theorem 3: Let us take a c-geodesic
¢: E— Hz,
such that
(21, 22) (w1, wg)

O =" O oyl

where t > 0. Then the numbers a;,as, &g, @1, a2 in Theorem 2 are uniquely
determined and satisfy among others the relations

(4) ag = |a1]aq + |ag|ag,

(5) 1+ Jaol* = lar|(1 + |en[*) + laz|(L + |eaf?).
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Let us define the holomorphic mapping

(5: = ((1_Z|zkl> ¢,Z3,---,Zn) .
k=3

Since ¢(E) C Hy, we have also ¢(E) C H,,.
Let us also put

G {(1— Lk=slzl) ey, forj=1,2,

a3 Zj, forj=3,...,n
G = 4 % for j =1,2,
7 ag, ifj=0o0rj=3,...,n

Remark that in view of (4)

n n n
> lajla; = ( ZIZkI) (laxlos + lazlaz) + 3 l2jlao
j=1 k=3

7=3

n n
= (1 —ZIZH) a0+a02|zj| =qag = &y
k=3

i=3

(6)

and in view of (5)

(7
> lasl (1 + ;1)
i=1

( Zn:|z ) la1] (1 + o] )+|a2|(1,+|a2|2))+g|zj|(1+|aol2)

k=3
= (1 - Z |Zk|) (1 + |Ozo|2) + (1 + |ao|2) Z |zl =1+ Ido|2.
k=3 =3

From the form of ¢, the definition of @, (6) and (7) we easily conclude, in view
of Theorem 2, that the mapping disa c-geodesic in H,, d;(O) =z and ¢;(t) =
This implies (3) and completes the proof of Theorem 3. |

Now we come to the generalization of the result from [S]

Proof of Theorem 1 in case n > 3: Suppose that the theorem does not hold, so
P # 0. Without loss of generality we may assume that

(8) 21 #£0.
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Let us define
m:C" 3z — (21,29) € C2,

ACi>z — ze .

1
1- Y hg 2l
We know that

L: =(Aom) (Bc;,n (27N (C x (23, gn)}))

(9) o o o
=(Aon) (BNn(w,f) N(C? x {(3,. ..,zn)})) =R
Remark that
R=A <{(z1,z2) € C% |21 — ?(1))1| + |29 — 17)2‘ <7 - Z ng - 1‘l))k|})
k=3

is an Ny-ball.

On the other hand, in view of Theorem 3
L=A ({(zl,zz): (21,Z2,g3,...,gn) € H, and
cH, ((Z1,22,23,...,gn),g) < r})
=A ({(Z1,22)1 lz1| + |22| < 1 = z": 2| and

k=3

* (21,22) (21,22)
CH, — — <r
1= h=slzel 1- D ks |2kl

o o
= BC;I (21;Z2) ° T
2\1- Zkza | 2|

And now L = R is an Nj-ball, which, in view of Theorem 1 in case n = 2 ([S]),
contradicts (8). 1

Added in proof: The same result as in this paper has been proved by U. Srebro,
Carathéodory balls and norm balls in H, = {z € C* : ||z||; < 1}, published in
this volume.
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